In this note we construct a function ϕ in L 2 (B n , dA) which is unbounded on any neighborhood of each boundary point of B n such that T ϕ is a trace class operator on Bergman space L 2 a (B n ) for several complex variables. In addition, we also discuss the compactness of Toeplitz operators with L 1 symbols.
Introduction
Let B n denote the open unit ball of the complex space C n and ∂B n its boundary. The Bergman space L 2 a (B n ), consists of holomorphic functions f on B n for which the norm
2 dA(z) 1 2 is finite. Where dA denotes the normalized Lebesgue volume measure on B n . For ϕ ∈ L 2 (B n , dA), where L 2 (B n , dA) is the space of square-integrable functions with respect to dA, we let T ϕ denote the Toeplitz operator with symbol f on L 2 a defined by
where P is the orthogonal projection from L 2 (B n , dA) onto L 2 a . In general, if ϕ / ∈ L ∞ (B n ), the space of essentially bounded functions on B n , then T ϕ is densely defined only. In the case of Hardy space, it is well known that T ϕ is bounded if and only if ϕ is essentially bounded, and T ϕ is compact if and only if ϕ = 0 (cf. see Douglas [1] , Jewell [2] [4] has proved that if ϕ belongs to the hyperbolic BMO space, the T ϕ is compact if and only if the Berezin transform of ϕ vanishes on the unit circle. Cima and Cuckovic [5] construct a class of unbounded functions build over Cantor set, the Toeplitz operators with these functions are compact. Essentially, if the values of the function ϕ vanishes rapidly near the unit circle in the sense of measure dA, then T ϕ will be compact.
The analogous results are true on the Bergman space of several complex variables. In this paper, we construct a class of unbounded functions on B n . The Toeplitz operators with these symbols are compact, our construction does not rely on properties of Cantor set. For each countable dense subset in the boundary of B n we can construct functions ϕ which are unbounded on any neighborhood of each boundary point of B n , such that T ϕ is compact. We also construct a function ϕ which is unbounded on any neighborhood of each boundary point of B n , such that T ϕ is a trace class operator.
Trace class Toeplitz operators with unbounded symbols
If z = (z 1 , . . . , z n ), w = (w 1 , . . . , w n ) ∈ C n , where C n denotes the n-dimensional complex space, then the inner product of z and w is defined as
is an open subset of B n , the domain is said to be a circular-like cone with vertex ξ. For any 0 < r < 1, let B n (r) = {z ∈ C n | |z| < r} be the ball with radius r, ∂B n (r) its boundary. We denote the area measure on the sphere by dσ r . It is clear that σ r (∂B n (r)) = O(r 2n−1 ). For r = 1, write dσ = dσ 1 , the normalized area measure on the unit sphere ∂B n (1) = ∂B n . Assume b is an arbitrary positive number, it is obvious that we may choose a suitable δ = δ(b) > 0 such that for arbitrary 0 < r < 1, and ξ ∈ ∂B n ,
where d is a constant which is independent of ξ and r.
Proof. Suppose {f k } ⊂ L 2 a with f k 1 is a sequence which converges to zero, it is enough to prove that
we see that
where c 0 , c 1 are constants. It is clear that for arbitrary ε > 0, there is m 0 ∈ (0, 1) such that
On the other hand, since
This follows that 
where c is a constant. Hence This shows that
Further, T is a compact operator. It is easy to check that ϕ j ∈ L 2 (B n , dA) and ϕ j 2 1. Thus
Thus T = T ϕ , that is, T is a Toeplitz operator with symbol ϕ = ∞ j =1 1 2 j ϕ j . Since {ξ j } is dense in ∂B n , it is obvious that for arbitrary ξ ∈ ∂B n , and r > 0, ess sup
The proposition follows from this.
Theorem 3.
There is a function ϕ ∈ L 2 (B n , dA) which is unbounded on any neighborhood of each boundary point of B n (i.e. for arbitrary ξ ∈ ∂B n , and r > 0, ess sup
such that T ϕ is a trace class operator.
Proof. For every multi-index
a (B n ). Let {ξ j } be a countable dense subset of ∂B n , and
where b 2n + 2c + 3. Then
where c is a constant independent on α. Using the integration by parts, we may prove that 
Note for any continuous function f on B n , we have
where z = (z 1 , . . . , z n−1 ), z n = re iθ . Thus, by the inductive method, we see easily that
Further, there are constants
That is, T is a trace class operator. 2
Toeplitz operators with L 1 symbols
For S a bounded operator on L p a (1 < p < ∞), The Berezin transform of S is the function on B n defined by
Note T ϕ is positive. We see that
Hence T ϕ is bounded. It is not difficult to see that if ϕ is positive, then ϕ dA is a Carleson measure if and only if ϕ is a BT function by K.H. Zhu [7, 9] .
For any ξ ∈ ∂B n , and r ∈ (0, 1), write (1) There is a constant K < ∞ so that for all ξ ∈ ∂B n , μ S(ξ, r) KA S(ξ, r) .
(2) There is a constant c < ∞,
By Lemma 6, we have immediately following It is not difficult to check that T ϕ e α = γ α (ϕ)e α , that is, T ϕ is a diagonal operator which has the form 
